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In this paper we will show that there are an uncountable number of 
homogeneous quadratic vectorfields on Rx so that no two of these vectorfields are 
topologically equivalent. cm 1987 Academic Press, Inc. 
0. INTRODUCTION AND STATEMENT OF THEOREMS 
The problem of trying to classify polynomial vectorfields is an old one. 
There is an especially large amount of literature about the classification of 
quadratic vectorfields on R2. A special class of these are the homogeneous 
quadratic oertot$elds. For these, a complete finite classification is given 
(from several points of view) by several people, see [Li, Ma, Ne, and Ar]. 
There are also many results about the general classification of quadratic 
vector-fields, see [C.T., Co, and Tav]. However these depend amongst 
other things upon the (still open) Hilbert 16th problem: does there exist a 
number N, depending only on the degree of the polynomials P and Q such 
that the polynomial vectorfield X= (P, Q) has at most N limit cycles? 
Related to this is Dulac’s problem: every polynomial vector-held has a finite 
number of limit cycles. Recently this has been solved for the quadratic case 
by Bamon, [Ba]. Even so it is likely that a finite classification for 
quadratic vectorfields in R” is possible. 
Similarly there are quite a few results for quadratic vectorfields in R’, see 
[Ca, Col, Sha]. However, in this paper we will show that a finite 
classification for quadratic vectorfield is certainly impossible in R3. We will 
give an example of a family of homogeneous quadratic vectorfields for 
which we will show the following two theorems. 
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‘T’HEOREM A. There exists a farnil} of homogeneous quadratic vectorfields 
X, on R3 depending on a parameter a E (a,, a?) (given explicitl?~ belo,c) such 
if X, is topologicczlly equivalent o X,. at the origin in R3, then a = a’. 
Remark. The origin is always a singularity for a homogeneous vector- 
field. 
Here we say that two vectorfields on R3 are topoiogically equivalent at 
the origin in R’, if there is a homeomorphism between two neighbourhoods 
4 and d’ of the origin in R’ which maps orbits in d of the first vectorlield 
in an orientation-preserving way onto orbits in d’ of the second vectorfield. 
Remark that this definition only depends on the germ of the vectorlields at 
the origin. In the situation where there is a one-parameter family of 
topologically non-equivalent vectorfields we say that the parameter (in this 
case a) is a modulus of stabi&>. 
That moduli of stability do exist in dynamical systems was first shown by 
Palis [Pa], and is now well known. However most research has been done 
in cases where these moduli are due to global phenomena (e.g., global 
phenomena related to saddle-connections, invariant tori, and saddle-node 
bifurcations), see for example [Pa, N.P.T., Ta3, Strl, M.S.]. To our 
knowledge the only papers where moduli have been found at germs of 
singularities of vectorfield in R” are [Ta3, Ta4, B.S, and Dum.M.1. For 
related results for holomorphic vectorfields, see [C.K.P.]. For global 
results on equivariant vectorfields, see for examples [R.T.]. For a survey 
on results which are related to moduli of stability, see [Str?]. 
M. I. T. Camacho conjectured a result as in Theorem A, for a similar vec- 
torfield, in an unpublished paper. It should also be mentioned that the 
family of vectorfields X, does not meet M. I. T. Camacho’s conditions 
in [Ca2]. 
Our second result asserts that the vectorlields X, from Theorem A have 
a non-stabilizable modulus of stability on the 2-jet level at the singularity 
in the origin, in the following sense. If Y, and YO, are two one-parameter 
families of vectorfields such that X,, Y,, and Y,. have the same Taylor- 
expansion at the origin up to order 2, then a #a’ implies that Y, and Y,, 
are topologically non-equivalent at the origin. 
THEOREM B. The family of vectorfields of Theorem A, have a non- 
stabilizable modulus of stability on the l-jet level. 
Remark. Clearly Theorem B includes Theorem A. 
F. Takens has also given an example of a vectorfield with a modulus of 
stability at a singularity. But this example is in dimension 4, and is given by 
a family of vectorfields which have a modulus of stability on a 5-jet (and 
therefore requires a polynomial of degree 5, see [Ta3]). 
We should remark that there are certainly no polynomial vectorfields in 
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R’ which have a modulus of stability at a singularity. This follows from 
[Duml] for the case that there is at least one characteristic solution going 
through this singularity (i.e., a solution such that its tangent vector has a 
well-defined limit at the singularity). The general case is also treated by 
Dumortier but is not yet published. 
Finally we should point out the differences with a related problem. We 
say that a polynomial vectorfield X of degree k is stable at a singularity p, if 
all smooth vectorfields with a Taylor expansion at p up to order k identical 
to X are topologically equivalent to X at the singularity p. A polynomial 
vectorfield X is said to be non-stabilisable at p if one cannot find a 
polynomial vectorfield x’, which is obtained by adding higher-order terms 
to X and which is stable at p. Takens [Tall and Dumortier [Dumb] gave 
examples of non-stabilizable polynomial vectorfields in R”, respectively R3. 
In those examples moduli do not appear. On the other hand our example is 
most likely stable: the I-jet probably determines the phase portrait. 
Throughout this paper we will use the following notation. 
.f(f)=O(l), as t ---f 0. 
By this we mean that .f‘(t) is a uniformily-bounded function for t--f 0. 
This work was begun during a stay of the first author at IMPA, and was 
finished while the second author visited the T. H. Delft. 
They would both like to thank IMPA and the T. H. Delft for making 
these stays possible and for their hospitality. The authors wish to thank 
W. de Melo for some very useful discussions. 
1. A QUADRATIC VECTORFIELD HN R' 
Our example is based on the following vectorfield in R’. 
X(~~,~,)=(cos(h)P(..~-c,,y--c,)-sin(DjQ(x-c,,~~-cz), 
sin(b) P(.x - cl. +r - c2) -t cos(h) Q(x - cl, y - c,)), (1) 
where P(s, ~1) = .UJ’ and 
Remark that this vectorfield is a rotated version of the vectortield (P, Qj 
and that the constants c1 and c2 only give rise to a translation of the 
vectorfield. 
Tung, see [Tu], gave this example in order to show that there exists a 
quadratic vectorfield with at least two limit cycles. In fact he showed that 
for h < 0 and sufficiently near 0, X has at least two limit cycles L, and Lz. 
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FIGURE 1 
One of these is contained in the set x < 0 and another one in the set x > 0. 
(Incidentally we will repeat Tung’s proof of the existence of these periodic 
orbits in Sect. 3). 
Moreover Tung showed that a general quadratic vectorlield in the plane 
cannot have three periodic solutions which have a relative position as in 
Figs. (la) and (lb). 
It follows that for the vectorfield X from above there are precisely two 
nested sets of periodic orbits. We let L, and L2 be the outermost orbits of 
these nests of periodic orbits. (We say “outermost” because in fact it is not 
known whether this vectorfield has two or more periodic orbits.) We 
should also point out that some of the results in [Tu] are wrong, because 
they are based on an incorrect paper of Petrovskii and Landis, which 
claims that a quadratic vectorlield can have at most three periodic orbits. 
For references ee [Co, Ch.T.1. In Fig. 2 we draw the phase portrait of the 
vectorlield for ci = c2 = 0 and b < 0 small. Remark that there is precisely 
one orbit going to infinity in forward, and one in backward time. All other 
orbits (outside the domains bounded by L, and L,) spiral from L, to L,. 
For a proof of these statements, see [Tu] and below. 
FIGURE 2 
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According to a result of Duff, see [Duf], one can perturb a given vector- 
field on R’ so that all its periodic orbits become hyperbolic. This can be 
done by an arbitrarily small rotation of the vectorfield. In other words we 
can assume that b is chosen so that all its periodic orbits are hyperbolic. 
The choice of c, = c2 = 0 is irrelevant for this since these terms only trans- 
iate the phase portrait over (c,, c2). Let Li be given by the curve 
t + (xi(r), ~lJt)). Denote the period of Lj by Pi, and let 
b,={“xi(t)dt and 
0 
di = lop’ yj( t) dr. 
For later use we shall assume that ci and c2 are chosen so that the 
numbers hi and di are nonzero and that 
b,ld, #b&&. (3) 
Our example is based on this vectorfield by “lifting” it into R3. 
2. A HOMOGENEOUS QUADRATIC VECTORHELD IN 
R3 WITH Two INVARIANT CONES 
Let P(-v, ~9, Z) = xy and 
Q(.u,y, z)= -(1/3)(x-z)(x+2z)+ (1/2)y2+ (l/3) xy+ (1/3)yz. (4) 
and consider the following homogeneous quadratic vectorfield X, on R3 
defined by 
X,(x,~,zj=(cos(b).P(x-c,z,1?-C2Z,=) 
-sin(b).Q(x-c,z,~-c,~,I)+a.x”+c.x-.y), 
sin(b). P(?c - ci~, y - C~Z, Z) (5) 
+cos(b).e(.u-c,z,~-cc,z,z)Ca.x.y$c.p’, 
a~x~zfc~y~z). 
This vector field is based on the vectorfield in Section 1. Remark that X, is 
a homogeneous quadratic vectorfield. For z > 0 let p(x-, y, Z) be the inter- 
section of the half-ray t. (.‘c, ~1, z), t 2 0, with the z = 1 plane, i.e., 
p(x, y, z) = (.x/z, y/z, I). Then p,Xa is a well-defined vectorfield on z = 1 
and it is of the form 
p*x, = x, - t(x, J’, z). (x, y, z), 
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where t(?r, J:, zj is chosen so that the last component of p,X, is zero. It 
follows that t(.~, y, Z) = a. x + c ‘y, and we get that 
p*X,k 4: z) 
=((cos(b).P(x-c,,y--c,, l)-sin(b).0(x-c,,4?-cc,, l)), 
(sin(b).P(x-(,,,Il-c,, l)+cos(b)~~(x-(~,,~-c,, l)),O) 
= (X(x, y), 0). (6) 
Remark that this vectorfield does not depend on the parameters a and c. 
Moreover it is exactly the same vectorlield as the one from Section 1. It 
follows that for b < 0 and sufficiently near 0 p,X, has at least two limit 
cycles L, and Lz. These limit cycles depend on b, c,) and cZ (c, and c2 only 
have the effect of a translation). However the limit cycles are entirely 
independent of a and c. 
It follows from Tung’s result that for b <O sufhciently small the 
homogeneous vectorfield X, has two invariant half-cones t. L, and t. L,, 
t 3 0, which are independent of the parameter a [see Fig. 31. Remark that 
by symmetry, X also leaves the cones t. L, and t. L2, for t ,< 0, invariant. 
From now on we will take b < 0 very near 0. 
3. BLOWING UP THE VECTORFIELD 
Fix a, and let A’= X, from Section 2. Consider a smooth vectorfield 
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where R is a vectorfield with high-order terms, i.e., whose Taylor expansion 
in 0 up to order two vanishes. We will blow this vectorfield up in 0. (For 
more about the blowing up techniques used in this paper, see [Duml].) 
More precisely, let S2 be the standard unit sphere in R3, and let B: R3 - 
101 -+ S” x R+ be defined by B(M~)= (H,/(vvJ, \ull). For (s, Y) in S2 x R+, 
B,Y(.s,r)=DB(s.r). Y(s’r). Now Y can be decomposed as Y(r.s)= 
T(r . s) + N( r. s) . r. s, where the real-valued function N( ) is chosen so that 
T(r.s) is orthogonal to the vector s in S*. So it follows that B, Y(s, rj = 
(T(r s), N(r . 3)). Dividing by r one gets the vectortield 
This is a well-defined smooth vectorlield because the Taylor expansion of 
Y vanishes up to order 1. Moreover the vectorfield Z= (l/r). B, Y OH: 
S’x 0 only depends on the second-order terms of Y. So in order to 
calculate Z on S’ x 0 it suffices to blow up the homogeneous quadratic vec- 
torfield X. Since X leaves the plane z = 0 invariant, this implies in particular 
that the vectorfield Z= (1,/r). B, Y leaves the equator I’ = 0 on S’ x 0 
invariant. Furthermore this implies that 
Z(s,O)+Z(-s.Oj=O and 
Z(s, rj+Z(-.s, r)+0 
(8) 
r 
for sES2 and r-+0. 
Let us first look for the singularities of the blown-up vectorfield Z along 
the equator z = 0 in S2 x 0, assuming that b = c, = c2 = 0. Since the vector- 
field X is homogeneous these can be found by looking for points (x, J? 1) in 
S” where the vectorlield X has points where X(X, I’, z) is a multiple of 
(x. .v. z). That is: where: 
(xy + ux2 + cxy, 
- (1/3)(x - z)(x + 22) + (l/2) 4’2 + (f/3) X,i’ 
+ (l/3) I” + ax)’ + cg, uxz + q-z). P! 
is a multiple of (x, ~2, z). So along the equator z =0 this leads to 
(q + In2 + cxy, -l/3) Xyz + (l/2) J’2 + (l/3) .Xy + U.XY + cq,2, 0) = t . (X, y, z). 
Therefore, either t = i’+ax+ CJJ or .x=0. In the first case -(l/3) X’ + 
(l/2) y2 + (l/3) xy =J;?, i.e. (x - (l/2) JJ)’ + (3/2 - l/4) JJ’ = 0. This implies 
x = y = 0. In the second case one has Y = z = 0 and ~7 arbitrary. It follows 
that for b= c, = c?=O, the only two singuiarities of the vectorfield 
Z=(l/r).B,Xalong the z=O equator in S’xO are (O,+l,O). 
Let us compute the eigenvalues of this vectorfield at these points, for 
b = cr = cI = 0. For these choices the vector-field is given by Eq. (9) i.e., 
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X = (P + ax’ + my, Q + ax?, + cy2, axz + cyz j. Here P(x, y) = xy and 
Q(X,]J)== -(1/3)(x-z)(x~2~)+(1/2)~~‘+(1~3)x~+(1/3)~~. Remark 
that by Eq. (8) the eigenvalues of 2 at (0, &l, 0) have exactly the same 
magnitude, but have an opposite sign So let us compute the eigenvalues 
just at (0, 1,Oj. It suffices to blow up X in the positive y-direction. That is, 
define the blowing-up map B by x = X/Y, y = y and z = z/y. Then 
&fax = ( l/y) * a/ax: qaz = (l/y) . f?/& 
a jay = - ( x/y2 j . ag?x + a/ay - (z/y’) * a/&. 
It foIIows that: 
(W).B,X 
a-x2-t-c-x-y) (Q+azJw?y2j a = + cp+ 
L 
- 
]J Y3 ‘x ‘Z I 
[ 1 
a 
+ Q-+n.x-y-kc-y’ -- 
ay 
So the linear part of (I/y). B, X at (x, y, z) = (0, 1,0) 
So for h = C, = c2 = 0 the vectorfield Z has eigenvalues l/2, l/2 + c, - l/2 at 
the singularity (0, 1, Oj, and provided c f -(l/2) the singularities (0, f 1,O) 
are hyperbolic. In fact we will only treat the case that 
c< -(l/2). 
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Now assume that b, cl, and c2 are near zero. Then Z still has two hyper- 
bolic singularities pr and pz near (0, +l, 0). Since Z leaves the equator 
invariant, these singularities in fact lie on the equator z = 0 on S’ x 0. 
Let us blow up the vectorfield X outside the equator of S2 x 0. For this 
we use directional blowing up in the z-direction. So define a blowing-up 
map B by x = X-/Z, y = y/z, z = z. It follows that 
d/dX = (l/Z) . a/ax, a jay = ( 1 iZ ) . a/a~‘, 
;Iji?Z = ( - X/Z”) . a/ax - ( -4’12) . a/ay + ajaz. 
Therefore 
(cos(b) P-sin(b) Q+ax’+cxy) (ax,-+qz).x 8 
=+ -2 z 3 ‘zi 
+ (sin(b) P+cos(b) Q+axy-t-a~>‘) 
i 
(ax,-+cp).y 8 - 
12 z3 I ‘3 
+ 
i 
((axz + cp)) a 
z 1 ‘a; 
Since P, Q are homogeneous of degree two it follows that this expression is 
equal to 
(cos(b). P(x-c,,y-c2, l)-sin(b).Q(x-c,,y-cc,, I))-: 
+(sin(b).P(x-c,,y-c,, l)+cos(b).Q(x-c,,y-c,, l)).$ 
+(ax.z+cy.z).$ (10) 
It follows that this vectorfield is independent of a and c in the x-y direc- 
tion and identical to the one in Section 1. In fact this vectorfield is the sum 
of the horizontal one from Eq. (6) and a vertical one. Therefore there are 
two periodic orbits L, and L, for (l/z). B,X on R* x 0 provided b =C 0 is 
sufficiently near 0. L, (resp. L2) is contained in the x < 0 (resp. in the x > 0) 
half-space. The cylinders Lix R over Li are invariant. Let Li be given by 
the curve t + x,(t), vi(t) and let Pi be the period of Li. Going back to the 
first blown-up vectorfield Z= (l/r). B,X one obtains that there are (at 
least) two periodic orbits on S* x 0, which we also call L, and L,. From 
the result of Duff [Duf] we were able to assume that b < 0 w-as chosen so 
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that the periodic orbits Li on S2 x 0 are hyperbolic for the vectorlield Z 
restricted to S’ x 0 (see Sect. I). 
Let us compute the eigenvalues in the normal direction of the periodic 
orbits Li. For this it is easier to use the blown-up vectorlield (l/z). B,X in 
the z-direction. Integrating the equation dz/dt = (ax + cy) z, one gets 
hC4Pi)I = 
i 
6 
logrz(o)l 0 
(a..x(t)+c.y(t))dt. 
Here Pi is the period of the periodic orbit Lj. Using the definition of the 
Poincare map at Li (and the fact that the horizontal and the vertical 
directions of the vectorfield (I/z). B,X are decoupled) it follows that the 
eigenvalues I’, in the -7 direction of the vectorfield are given by 
logO>;) = j” (ax(t) + q(t)) dt (11) 
0 
Remark that L, (resp. L,) lie in the half-space x > 0 (resp. x < 0). Therefore 
if we take the parameter a sufftciently big, then y, > 1 and 0 < yr < 1. In 
other words both L, and L, are hyperbolic periodic orbits of saddle-type. 
Furthermore it follows that 
log(y,)/log(p,)=(a.h,+c.d,)/(a.O,+c.c2’,) (12) 
Here the numbers b; and di are the numbers from Section 1. Remark that 
the position of the periodic orbits Lj and the period Pi are independent of a 
and c. From Eq. (3 j in Section 1 it follows that the number in (12) is a 1-l 
function in a. 
Remark. Incidentally, we have all the ingredients to repeat Tung’s 
proof of the existence of the periodic orbits Li. One first easily shows that 
the vectorfield given in Eqs. (10) has two hyperbolic singularities, one in 
s < 0 (a source) and one in x > 0 (a sink). Furthermore the sets x > 0 and 
x < 0 are respectively positively and negatively invariant. Since the equator 
S’ x 0 is invariant for the blown-up vectorfield 2 it follows by Poincare- 
Bendixson that there are periodic orbits in the x > 0 and x < 0 sets. 
4. ANALYSIS OF THE BLOWN-UP SITUATION 
After blowing up the vectorlield, Z= (l/r). B, Y has a flow near S’ x 0 
as in Fig. 4. Remark that the flow of this blown-up vectorfield on S2 x 0 is 
point-symmetric with respect to the origin. 
There are at least four periodic orbits on S’ x 0. Two of these lie on the 
northern hemisphere and are denoted by Li. The other two Lpi lie sym- 
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FIGURE 4 
metrically with respect to the origin on the southern hemisphere. Here L, 
and L ~; are hyperbolic periodic orbits of saddle-type, with eigenvalues yi 
and - 7; in the normal direction. Remark that I,, (resp. L2) is a periodic 
orbit with a contraction (resp. expansion) in the normal direction. 
There are six singularities on S’ x 0. Two of these, which we denote by pI 
and p?, lie on the z = 0 equator and are saddle points. The other four are 
contained in the disks bounded by the periodic orbits L,, L_,, L2, and 
L -2. The z = 0 equator on S’ x 0 is invariant for the blown-up vectorfield 
(1;~). B, Y. Remark that we have assumed that c < -(l/2). Therefore the 
eigenvalues of the singularities p, and p2 in the normal direction + (C + l/2) 
are stronger than the tangential eigenvalues (k l/2). We claim the 
following: 
PROPOSITION 4.1. There exists a rzeighborhood Q of S2 x 0 such that the 
.foElo~\ing holds. If the sequence of points wi converges to a point II’ on the 
northern hemisphere of S’ x 0 (outside the equator), then (for i mfficienti!, 
big) the component of the fortvard and the backward orbit qf X througfi ~3~ 
\t,hich staj*s imide Q, is contained in the north-halfpace z > 0. 
Remark. The L = 0 plane is invariant if the vectorfield Y is 
homogeneous quadratic, i.e., R = 0. Therefore Proposition 4.1 is trivial for 
this case. 
Proqf. Let Q be a compact neighbourhood of S’ x 0 which is so small 
that IV’(f., j n 52 and w/‘( L L j n Q are contained in z > 0. (This is the case 
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for every neighbourhood R if the vectorfield Y is actually the homogeneous 
vector-field X). Now suppose by contradiction that the statement is not 
true. Then there exists a sequence zi as above so that either the forward or 
the backward orbit intersects the plane z = 0 while the orbit stays close to 
S’ x 0. In order to be definite assume it is the forward orbit. We have to 
distinguish between two cases. 
(a) The limit M’ of MJ~ is contained in w”(L2). Then the component of 
the forward orbit of wli inside the compact set 62 will accumulate to 
IV(L,) u U”(L,). Hence by the choice of !2 this component is contained in 
the set z > 0, for i sufficiently big. This gives a contradiction. 
(b j The limit u’ of M’~ is contained in IV(p, ). In this case Proposition 
4.1 follows from Lemma 4.1 (a), (b) below, and the remark that the points 
1~1 converge to a point in U”(L2). Q.E.D. 
LEMMA 4.1. Consider the blown-up vectorfield Z from above. Take sec- 
tiom S, in points si on the intersection of S’ x 0 and the invariant manifolds 
of pi. For a more precise description see Fig. 5. Let wie S, converge to 
(9 x 0) n W’(p, ). Then for c < 0 suJficiently negative, 
(a) The f~m~~ard orbit of wi intersects S2 in a point wj!. 
(b) The segment of the orbit between wi and w( is contained in the 
-7 > 0 plane. 
(c) The following sequence is bounded and bounded awal? from zero: 
d( w;, S’ x 0) 
d(w;, S’xO)’ 
Here d( , ) is some metric induced b-y C’ coordinates. 
FIGURE 5 
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Proof: Denote the eigenvalues at p I by AI, A,, and A., as in Fig. 4. 
Remark that the eigenvalues A, and AZ are independent of a and c, and that 
1, = (l/2 + cj. Remember that we have chosen c < -(l/2). Therefore 
AZ, A3 < 0 and 1, > 0. Now it follows from [Ste] (see also [Ha], and more 
specifically [Be]) that there are C1 linearising coordinates pr if both 
,&#A, +A3, and &#A, +A?. Therefore assuming that c< -(l/2) is so 
small that (l/2 + c) = A, < AI + A2 < AI -AZ we get that Z is C’ linearisable 
at p,. We can extend these coordinates to a neighbourhood of w”(p,) u 
B”‘(p,). Let d( , ) be the standard Euclidean metric induced by these 
coordinates. 
For i sufficiently big the orbit between IV; and the first intersection with 
S, or S4 is completely contained in the neighbourhood on which the 
linearising coordinates are defined. Therefore the time Ti needed to travel 
from bri to the first intersection with S, or S4 is given by 
T-= -log d(Wj, W(p,j 
I 
lw.,j 
+ O(1). 
Remark that i1 is the expanding eigenvalue at p, . The facts that we have 
linearising coordinates and that A3 <i, imply that there is a unique two 
dimensional invariant manifold V through p, which contains PV(p, j and is 
tangent to the eigenvector in p, in the normal direction. Let t -+ ttli(tj be 
the solution through 1~~. Then for t E [0, r,], 
log n(Il’J t), V) = A1 . t + O( 1). 
Moreover one has 
d(wi(r), S’ x 0) = d(wj, S2 x 0). exp(;i, . t)~ 
Since for c < 0 sufficiently small, the eigenvalue A, dominates A,, i.e., 
A3 <A,, it follows from the last two equations that for t E [0, Ti] 
d( “‘;(f), s2 x O)/d( wi, V) -+ 0, as i -+ ,x8 
Hence the orbit IVJ t) does not intersect he z = 0 plane. Furthermore, the 
eigenvalues at p2 are exactly the opposite of those at pr. So there are also 
linearising coordinates at pz. Denote the metric induced by these linearis- 
ing coordinates by d’( , ). Now it is not hard to see that for any sequence u‘; 
converging to s3 or s4 
d(w;, s2 x 0) 
d’( PVi, s’ x 0) 
is bounded and bounded away from zero. (This follows from the fact that 
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both metrics d and d’ are induced by C’ coordinates, (see Lemma (2.2) in 
[M.S.]). The Lemma follows from this and the fact that the estimates as 
above also hold for pz. 
5. SOME CONSTRUCTIONS AND 
COMPUTATIONS FOR THE VECTORFIELD Y, 
Take the z = E plane. For E > 0 sufficiently small, the invariant manifolds 
of Li intersect this plane in two circles. Take a figure eight in this plane so 
that these circles are contained in its “loops”, see Fig. 6. 
Define the set C to be the cone over this figure eight. Remark that 
C- (0) is not contractible. However consider the set I?= C- W’(p,) - 
W(p2). Then for a sufficiently small ball-like neighbourhood 5 of IO> the 
set Z’n 4 consists of two contractible components, one in the set (z>O) 
and the other one in {z < 0). See Figs. (4) and (6). So let C= Z’n 4. In 
order to avoid excessive notation we will denote points and sets in R3 - 0 
by the same symbols as the ones in the blowing-up situation. Furthermore 
let Q be a neighbourhood of the origin as in Proposition 4.1. Let F,, F, be 
fundamental neighbourhoods in W’( L,) (resp. fV(&)). By this we mean 
sections in Ct”(L,) - LI (resp. W(L,) - L2) such that every orbit in 
Q - (0 > sufficiently near W(L,) (resp. W’(Lz)) intersects these sections 
exactly once, see Fig. 7. Take a continuous projection p3 from F, to the 
intersection of F, with W”(L,). Similarly take a projection pu. Remark that 
the intersection of the fundamental neighbourhoods F,, F, with the 
invariant cone of L, respectively L2 is homeomorphic to S’ = R/27rZ. 
FIGURE 6 
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Take a connected set K in c. Take a sequence of points it‘; in c converg- 
ing to 0 as i + co, such that IVY is not contained in the stable or unstable set 
of 0. Then for i sufficiently big the component of the orbit through ~7; con- 
tained in Q intersects both F, and F, exactly once. Call these intersection 
points s( \v) (resp., U(W)). Since K is a contractible component, there are 
two real-valued continuous lifts, S( IV) and U( \I’ j, of P~(.s(w)) and p,( U(W)), 
defined as follows: 
S(w) 
WEK _ t-R’ 
The lift U(W) is defined similarly. The lifts S and U are unique up to a 
constant. because K is connected. 
Remark. One can interpret S as the variation of the angle of S(W) in 
F’n Mi”(L,) 2 S1. A similar statement holds for U. 
PROPOSITION 5.1. Take a sequence wi of the subset K of c conoergi~tg to 
0. Then asynzptoticail~~ the ratio S(w)/U(w) is independent of the choice of 
the lifts S and U. In fact there are two possibilities: (1) either wi is contained 
in the set z > 0 and then S(tt!ij/U(M!j) comerges to the ratio log(~r)/log(y,) as 
1s; -+ 0; (2) or 14’; is contained in the set z < 0 and then S(l~i)/L~(wi) converges 
to the ratio log(y,)/log(~,) as wi -+ 0. 
The proof of this Proposition will follow from the following lemma: 
FIGURE 7 
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LEMMA 5.1. If 1~; EC converges to W”( L, j then 
S( II’;) = - 
log d(Wi, s2 x 0) 
lW(Yl) 
+0(1). 
If 1~‘~ E 6 cotmerges to W”( L,) then 
U( Wi) = - 
log d( ll’,) s2 x 0) 
WY,) 
+ O( 1). 
(13) 
(14) 
For the proof of this lemma see [Str]. 
Important Remark. The estimate (13 j is heavily based on the fact that 
the points IV; are contained in the set C. The crucial properties of C are: (1) 
The set en TV(L,) is a compact subset of L+‘“(L,)--L,; (2) The set Ccon- 
sists of two contractible sets and the sequence IV, cannot “spiral” round L,. 
More precisely IV(L,) can be identified with S’ x R. Then the limit set of 
points of I? in W’(L ,) is contained in a set which (under the identification) 
is of the form (S’ - {a}) x R. A similar remark holds for Eq. (14). 
Proof of Proposition 5.1. Consider the blown-up vectorfield Z, the cone 
C, and the invariant manifolds of Lj in this blown-up situation. This cone 
C consists of two cylinders S, and S2 glued together along a line, see 
Fig. 8. 
Furthermore take fundamental neighbourhoods F, and F, in W’(L,) and 
IV’(Lz) (in the blown-up situation). Take a sequence )lji which is not con- 
tained in the stable and unstable set of 0. Therefore the point w~$ W”(p,) 
and IL*;+ lV’(p,). If IV; stays away from W”(p,) (i.e., if there is no sub- 
sequence so that 1~; + W”(p,)) then the time needed to travel from tvi to the 
FIG. 8. The set C in the blown-up situation. 
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First intersection of the orbit through H:~ with FE is finite. Hence in this case 
from Lemma 5.1 
S( Wi) = - 
log d(MTi, s” x 0) 
WY,) 
+0(1). 
Similarly, if CV, stays away from W”(p,) then 
U( Wi) = - 
log d(Wi, S’ x 0) 
lW(l’2 1 
iO(1). 
iw 
Remark that \V~E C converges to lV(p,) then M!, stays away from wU(p2j 
and therefore the estimate (16) holds. Similarly estimate (15), holds if 
IV~E C converges to lVU(p2). We want to show that estimate (15), respec- 
tively (16) also holds if M;, converges to lP(pr), respectively to IV’(p,). Let 
us prove the first case, i.e., assume that uli goes to lV(p,). Then from 
Lemma 4.1(b) it follows that there is a second intersection FV~ of the 
forward orbit through IV, with C, with %v:’ + IYU(p2). Therefore the estimate 
(15) holds for the sequence 1~;. Furthermore from Lemma 4.1(c): 
a!( lvi, s” x 0) 
d(wI’, s2 x 0) 
=0(l). 
as IV, --f 0. Therefore estimate (15 j also holds for the sequence ivi E K. In this 
way we have proved that estimates (15) and (16) hold for all sequences izli. 
From this the Proposition follows. Q.E.D. 
6. THE EXISTENCE OF MODULI FOR THE ONE PARAMETER FAMILY OF 
VECTORFIELD Y,,. HEURISTICS AND CONCLUSION OF THE PROOF OF 
TFIEOREMS A AND B 
Up to now we only have made some computations for the vectorfield X 
However in order to prove that topological invariants exist one has to 
show that all essential properties of the sequence of points IV; are preserved 
under topological equivalences. 
Now suppose that Y, and I’:. are two families of vectorfields with the 
same two-jet as X, in the origin. Assume that Y, and Ya. are equivalent at- 
the origin. In other words suppose that there is an equivalence h between 
two neighbourhoods Sz and !2’ of the origin, such that /z maps orbits of Y, 
onto orbits of I”‘,. We want to show that a=a'. In order to do this we 
have made some constructions in Section 5 for the situation before blowing 
up. In fact we have to be careful to use the blown-up situation. Outside the 
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origin the equivalence h indeed induces a homeomorphism H which maps 
orbits of Z= (l/r). B, Y, onto orbits of Z’ = (l/r). B, Y:.. However this 
homeomorphism H is only defined on a set of the form S’ x (0, e] and does 
not necessarily extend to a continuous map on S’x [0, e]. If this 
homeomorphism H does extend continuously to S” x 0 then it would follow 
immediately from the fact that L, and L, have a saddle connection that the 
ratio log(l/,)/log(y,) is a topological invariant, using the proof of [Pa]. In 
general such homeomorphism need not extend continuously. In [Dum.M] 
examples are given where moduli sometimes appear and sometimes do not. 
This is related to the following. Let 1~‘; be a sequence going to a point &L’ on 
an orbit between L, and L2, with )I.$ L,, u L,. Then one may have that 
h( lri) + L, or h(,l*j) + L,. This is precisely what we have to avoid, if we 
want the estimates of Proposition 5.1 to be true for h(lvi) (see the Remark 
below the proof of Lemma 5.1). The set C is used to find a sequence of 
points so this situation does not occur. 
However the stable manifold W(L,) and the unstable manifold CV(L,) 
are mapped on corresponding invariant manifolds, both before and after 
blowing up. Let c’ and so on be the same objects for Y’ as the ones we 
defined for Y. Let F: be defined to be equal to h(F,). 
Proposition 6.1 below is the most crucial topological tool in proving 
Theorems A and B. 
PROPOSITION 6.1. There exists a connected set K in 6- (0) such that 
h(K) is conrained in (? - (0). and such that there exists a sequence )vi in K 
rvith )vi and h( ~9~) conoerging to 0. 
Remark 1. The purpose of this proposition is to find a connected set K 
such that for any sequence IV, E K for both ti!i and /z(Iv;) the estimates from 
Proposition 5.1 hold. 
Remark 2. In the sequel we mean by a figure eight set ET a set which is 
homeomorphic to a figure eight in R’, i.e., the union of two circles E, and 
E2 with one point identified. Now let R be a neighbourhood of 0 E R3. We 
say that the figure eight set E in Q contains the cone-set u”(0) 
(corresponding to It” (L,), and tiFS(L- r j j in its loop E, (with respect to 
Q) if the following holds. There is no continuous map p: 52 - m”(O) + 4 - 
117’(0) such that p(E,) is equal to a point, but there is such a map p with 
p(EJ = {point >, i.e., E2 does not contain IV(O) in its loop, see Fig. 8. 
Remark that for Q sufficiently small, such figure eight sets exists. These 
notions are topologically invariant. That is, suppose that Y and Y’ are 
equivalent and that E is a figure eight set such that E, (resp. E3) contains 
lV(0, Y) (resp. lI/“(O, Y)) in its loop with respect to a neighbourhood Q. 
Then h(E) contains the sets. lV(0, Y’) and lV”(O, Y’) in its loops. 
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Proof qf’ Proposition 6.1. Remark that C=C- W(pl)- wU(p2) and 
that h preserves W’(p,) and W”(p2). Let I= Cn1z-‘(C’). We need to show 
that for E >O sufficiently small there exists a connected set K in I which 
contains points of both the -7 = E plane and the origin. Suppose this is not 
the case. Then: 
Claim. Remark that C= C- Ws(pl)- UN(p2), and that 12 preserves 
these invariant manifolds W(p,) and W”(p2). There is a neighbourhood Q 
and a figure eight set E in C - I containing the invariant-cones in IV(O) 
and f+“‘(O) in its “loops” E,, respectively E,, with respect to R. 
Proqf’of Claim Suppose that for some E > 0 there is no connected com- 
ponent K of I which contains both points of 2 = E and the origin. Fix E > 0. 
Then there are disjoint compact sets A and R such that 
(1) Zcint(A)uint(B); 
(2) ..4 n [r = E) is empty; 
(3 ) B does not contain the origin; 
Now take R = { 1-1 <ES. It follows that there is a curve in (R n C) - 
(-4 u B) with the given properties. 
It follows that h(E) would be disjoint from C’, and therefore be con- 
tained either in one of the four components of C- (0) containing the 
invariant cone-sets or in the other component. So k(E) either contains only 
one of the invariant sets fV(O, Y’) or tVU(O, Y’) in its loops or it contains 
both in one of its loops. But this leads to a contradiction. Since h preserves 
the invarian manifolds of 0 and preserves the “loop” property, /z(E) con- 
tains fV(O, I”) in one of its loops and M’“(0, Y’) in the other loop. Hence 
by contradiction we have the proposition. QED. 
Remnrk. We can assume that the sequence of points u’i in K is con- 
tained in the 1<0 space. However h(uli) need not be contained in z< 0. 
(Of course from the form of C it follows that the whole curve is either 
completely contained in z <O or in z>O.) 
Now assume that Y, and r,. are equivalent and take points 12’ in K as in 
Proposition 6.1. Let n:‘=/z(nl). Consider the points s(n)) and ZC(MJ) from 
Proposition 5.1 and the corresponding points s’(Iv’) and u’(r~v’). Since 
F: = ~z(F’~) and yU = h(F,,), one has s’( IV’) = h(s(n,)), u’(18) = h(z~(n~)). It
follows for any choice of the lifts S, U, S’, and U’ that S(~V) - S’(M~‘) and 
Cr( ii: ) - Vi 11.‘) are uniformly bounded: 
S(w) = S’(d) + O( I), 
U(w) = U’(d) + O( 1)~ 
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Since the sequence )ili is contained in z > 0 one has from Proposition 3: 
S(wi)/U(w,) converges to log( t~~)/log(l;,). (19) 
Similarly, depending on whether the sequence H,/ = /I(I.v~) is contained in 
-7 > 0 or z < 0, one has either: 
27(1t$)jvl(w~) converges to log(y;)/log(y;) or 
S’(w~)/U’(w~) converges to log(y;)/log(y; j. 
(20) 
From Eqs. (18), (19j, and (20) it follows that either 
(21) 
lOdl~, )/log(y2) = log(lwlogwI 1. 
From this equation and Eq. (3) it follows that we can find a, and a2 such 
that if a, a’ E (a,, uz j then (21) can only hold if a = a’. This finishes the 
proof of Theorems A and B. 
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